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We start with the position vector of P:

We next form the velocity vector for P:

vp=-tsii

(2)

(3)

where co is the constant angular velocity of the unit vectors bi
and b2. Now, applying Kane's method, we find the coefficient
of q in Eq. (3). This is

(4)

The analysis to this point has not introduced any linearization.
It is appropriate at this point to do so. We linearize Eq. (4):

(5)

(6)

The velocity of P may now be linearized:

o + q)

Note that Eq. (5) cannot be obtained by finding the coefficient
of q in Eq. (6). The nonlinear velocity is required to find the
correct linearized partial velocity vector Vq.

The next step is to use the linearized velocity to find the
linearized acceleration vector for P:

(7)

The final step is to form the dot product Vq -ap. This yields the
equation of motion

• f q = 0 (8)

Now, to apply Gibbs' method to this problem, the nonlinear
acceleration vector must be formed, even to use the advan-
tageous method of implicit differentiation. The coefficient of
q in Eq. (7) is U&2> which differs from the correctly linearized
partial velocity given in Eq. (5). If this vector is used to carry
out the dot product which led to Eq. (8), we find instead

fq = fu2 = 0 (9)

which differs from Eq. (8). Equation (8) would have resulted
if we had formed the nonlinear acceleration, found the coeffi-
cient of q, and then linearized. The reader can certainly ap-
preciate the additional labor required to carry out these steps.
Thus, it appears that the connection between Kane's method
and the Gibbs-Appell equation is not so simple as Desloge
implied. Kane's method never required the formation of
nonlinear acceleration vectors, and so represents a consider-
able savings in labor when one is solely interested in linearized
equations.
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I T is not surprising that one fundamental equation of
dynamics can be derived from another. Thus, for example,

Lagrange's equation and Hamilton's canonical equations can
be derived from.the simultaneous application of D'Alembert's
principle and the principle of virtual work. Yet it does not
seem inappropriate to identify Lagrange's equation and
Hamilton's equations as separate entities. By Desloge's own
derivation,1 the Gibbs-Appell equation, as he calls Eq. (9) in
his paper, follows from Kane's equation, Eq. (6) in the paper.
Apparently it is Kane, and not Gibbs or Appell, who recogniz-
ed the intermediate step of Eq. (6) as an entirely satisfactory
termination point in deriving equations of motion (with no
need to introduce the S function and proceed with the Gibbs-
Appell equation).

In fact, one can show that the use of Kane's equation is
operationally superior to the use of the Gibbs-Appell equa-
tion. This can be brought to light by performing the task of
deriving equations linearized in certain variables. The impor-
tance and engineering significance of such linearization
becomes apparent in formulating the equations of motion of
flexible vehicles experiencing small elastic vibrations while
undergoing large "rigid-body" motion. To clarify ideas, con-
sider the simple example of Fig. 1.

AB and BC are two massless rigid rods of lengths R and L,
respectively, hinged at B; AB is driven in a horizontal plane at
the angular speed u(t); the two rods are connected by a tor-
sional spring of stiffness k, and P is a particle of mass m. It is
desired to derive equations linear in B. The steps involved in
doing this using Kane's method and the Gibbs-Appell method
are shown here, where all quantities linearized in 6 are marked
with a tilde:

Kane's method:
Nonlinear velocity:

+ COS0fl2) (1)

(2)

(3)

Linearized partial velocity:

Linearized velocity:

Linearized acceleration:

(4)
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Fig. 1 Simple system undergoing small elastic motion in a rotating
reference frame.

Kane's (linearized) equations of motion:

ma • v (5)

where all nonlinear terms arising in the dot-product are
ignored.

Gibbs-Appell method:
Nonlinear acceleration:

ap = ai[ - (co + 0)L sin0 - (co + 6)LO cos0

- u>2R - co(co + 6)L cosO] + a2[^R + (co + 0)L cos0

- (co + 6)6L sinO - co(co + G)L sin0] (6)

yields

Gibbs-Appell equation

8

dap

--- = — L shifty +L cosOa2

after implicit differentiation becomes

I*P.~w

(7)

(8)

(9)

where all nonlinear terms arising in the dot-product are ig-
nored. Now Eq. (9) is, of course, identical to Kane's equation,
provided dap/d§is linearized from Eq. (7), which requires that
Eq. (6) be kept fully nonlinear in 0 as is done here. This is
precisely the point: to get correctly linearized equations via the
Gibbs-Appell method, one must retain all nonlinearities up to
the expression for acceleration—a cumbersome task not re-
quired in Kane's method, where one needs to retain
nonlinearities only up to the velocity level. The additional
labor involved with the Gibbs-Appell method over Kane's
method can be so enormous with more complicated problems,
such as in Ref. 2, as to make the analysis extremely unwieldly.
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